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Abstract. In this paper we study the global existence and uniqueness of solution for
a Klein-Gordon equations system with mixed boundary conditions. Also we analyze the
asymptotic behavior of this solution.
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1. Introduction
A mathematical model that describes the interaction of two electromagnetic fields u and
v with masses σ and %, respectively, and with interaction constants φ ą 0 and τ ą 0 is given
by following Klein-Gordon system
(1.1)
ˇˇˇˇ
u2 ´∆u` σ2u` φv2u “ 0
v2 ´∆v ` %2v ` τu2v “ 0.
This model was proposed by Segal [24]. Further generalizations these problem are given in
Medeiros and Milla Miranda [18], Louredo and Milla Miranda [13] by using Galerkin methods
and Medeiros and Milla Miranda [19] by using potential well method, see also Medeiros and
Menzala [16].
On the non-existence of global solutions of a Klein-Gordon system we can to mention
Aliev and Kazimov [1] where is considered a positive initial energy and Wang [27], with a
non-negative potential but without damping terms in the equations. See also [11] and [12].
The control is analyzed in Dolgopolik, Fradkov and Andrievsky [6] and in Park [22]. The
asymptotic dynamical can be find in in Ferreira and Menzala [7] and Kim and Sunagawa [8].
On the decay of solutions of a Klein-Gordon-Schro¨dinger system we can to mention Almeida,
Cavalcanti and Zanchetta [2], Bisognin, Cavalcanti and Soriano [3] and Yan, Boling, DaiWen
and Xin [5].
In [18] the authors analyzed the existence and uniqueness of weak solutions of a mixed
problem for system (1.1) with null Dirichlet boundary conditions and coupled nonlinear
terms |v|ρ`2|u|ρu and |u|ρ`2|v|ρv where ρ is a real number with ρ ą ´1. They used the
energy method. In [19] the same authors studied the above problem but with coupled
nonlinear terms ´|v|ρ`2|u|ρu and ´|u|ρ`2|v|ρv. This change of sign in the coupled terms
makes that the energy method does not work. They obtain the existence of weak solutions
by using the potential well method which was introduced by Sattinger [23].
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Let Ω be an open, bounded and connected set of Rn with its boundary Γ of class C2.
Suppose also that Γ is partitioned into Γ0 and Γ1 both with positive measure and Γ1 X Γ1
empty, see Figure 1.
Figure 1. The set Ω.
This paper is concerned with the global existence, uniqueness and uniform stability of the
energy for the following initial-boundary value problem.
(1.2)
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
u2 ´∆u` |u|ρ|v|ρv “ 0; in Ωˆ p0,8q
v2 ´∆v ` |u|ρu|v|ρ “ 0; in Ωˆ p0,8q
u “ v “ 0; on Γ0 ˆ p0,8q
Bu
Bν ` δu1 “ 0 on Γ1 ˆ p0,8qBv
Bν ` δv1 “ 0 on Γ1 ˆ p0,8q
up0q “ u0, vp0q “ v0, u1p0q “ u1, v1p0q “ v1,
where ρ is a positive real number and νpxq denotes the unit outward normal vector at x P Γ1
and δ is a real function belong to W 1,8pΓ1q such that δpxq ě δ0 ą 0 on Γ1.
We note that the energy of system (1.2) given by
Eptq “ 1
2
t|u1ptq|2 ` |v1ptq|2u ` 1
2
t}uptq}2 ` }vptq}2u
` 1
ρ` 1
ż
Ω
p|uptq|ρuptqqp|vptq|ρvptqqdx, t P r0,8q.
does not definite sign. Therefore the energy method to obtain global solution of (1.2) does
not work. To overcome this serious difficulty we use a method introduced by MiIla Miranda,
Louredo and Medeiros [17], which was inspirated in one idea of Tartar [25]. This method
simplifies the potential well one. We complement our approach by using the Galerkin method
with a special basis, due to the dissipative boundary conditions, and compactness argument.
With the above considerations, we obtain a global weak solution of (1.2) with restrictions
on the norm of initial data and on ρ ą 0 which depends on the embedding of the Sobolev
spaces.
The uniqueness of solutions is derived by using the energy method. Thus if ρ ě 1, we
consider n “ 1, 2 and if ρ “ 1 we consider n “ 3. This restriction on n is due that is this
part we need differentiate with respect to t the difference of the nonlinear parts in order to
apply the Mean Value Theorem.
To obtain the decay of the energy of problem (1.2), we consider the same restrictions of
the uniqueness of solutions and make δpxq “ mpxq ¨ νpxq, where mpxq “ x´ x0, x, x0 P Rn.
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In this conditions, by using the multiplier method and the ideas contained in Komornik and
Zuazua [10] and Komornik [9], we obtain the exponential decay of the energy.
This paper is organized as follow. In Section 2, we present some notations, hypotheses and
main results and also we show results related to density, separability and trace. In Section
3 we established the proof of the existence of global solution and uniqueness. In Section 4
we prove the result about exponential decay of the energy.
2. Notations and Main Result
In this section, we present the notations, assumptions and the main results, however
the proof will be developed in the next sections. Also we show results related to density,
separability and trace that will be important throughout this paper. We start with some
notations and hypotheses.
2.1. Notation and hypotheses. The inner product and norm of L2pΩq are represented,
respectively, by p¨, ¨q and | ¨ |. By V is denoted the Hilbert space
V “ tu P H1pΩq ; u “ 0 on Γ0u
equipped with the inner product and norm, respectively,
ppu, vqq “
nÿ
i“1
ż
Ω
Bu
Bxi
Bv
Bxidx and }u}
2 “
nÿ
i“1
ż
Ω
ˇˇˇˇ Bu
Bxi
ˇˇˇˇ2
.
Let θ be a real number with 1 ď θ ă 2 such that 1
θ
` 1
θ1 “ 1. We consider the following
Banach spaces equipped with respective norms
W 1,θ
1pΩq, }u} “
˜ż
Ω
|upxq|θ1dx`
nÿ
i“1
ż
Ω
ˇˇˇˇBupxq
Bxi
ˇˇˇˇθ1
dx
¸ 1
θ1
and
W 1,θ
1
Γ0
pΩq “ tu P W 1,θ1pΩq;u “ 0 on Γ0u; }u} “
˜
nÿ
i“1
ż
Ω
ˇˇˇˇBupxq
Bxi
ˇˇˇˇθ1
dx
¸ 1
θ1
.
We also consider o Banach space
X “ tu P V ; ∆u P LθpΩqu
with the norm
}u}X “ }u}V ` }∆u}LθpΩq.
Introduce the hypotheses
(2.1) ρ ą 0 and θ ą 1 with 4ρθ ě 1, if n “ 1, 2;
(2.2)
n` 2
8n
ď ρ ď n` 2
4pn´ 2q , if 3 ď n ď 6.
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Remark 2.1. piq Note that for n ě 3 we have 0 ă ρ ă 2
n´ 2 , then 1 ă 2pρ ` 1q ď q
therefore the following embeddings of Sobolev
V ãÑ LqpΩq ãÑ L2pρ`1qpΩq,
are holds, where q “ 2n
n´2 . In particular for ρ “ 1 we have V ãÑ L4pΩq. Thus, there exists
positive constsnts c0 and c1 such that
(2.3) }v}L2pρ`1qpΩq ď c0||v||, and }v}L4pΩq ď c1||v|| @ v P V.
piiq Under the restrictions (2.2) on ρ and n we obtain
V ãÑ LqpΩq ãÑ L 8nρn`2 pΩq and V ãÑ LqpΩq ãÑ L 4nn`2 pΩq.
Introduce the following restrictions on the initial data and some constants:
(2.4) }u0}, }v0} ă λ˚ and L ă 1
4
pλ˚q2,
where
(2.5) λ˚ “
ˆ
1
4N
˙ 1
2ρ
;
(2.6) L “ 1
2
“|u1|2 ` |v1|2‰` 1
2
“}u0}2 ` }v0}2‰`N “}u0}2pρ`1q ` }v0}2pρ`1q‰ ;
(2.7) N “ c
2pρ`1q
0
2pρ` 1q ;
(2.8) δ P W 1,8pΓ1q such that δpxq ě δ0 ą 0 on Γ1.
Theorem 2.2. Assume hypotheses (2.2) and (2.4)–(2.8). Consider u0, v0 P V and u1, v1 P
L2pΩq. Then there exists functions u, v in the classˇˇˇˇ
ˇˇ u, v P L
8p0,8;V q,
u1, v1 P L8p0,8;L2pΩqq
u1, v1 P L8p0,8;L2pΓ1qq,
such that u and v satisfies the equations
u2 ´∆u` |u|ρ|v|ρv “ 0 in H´1loc p0,8;Lq1pΩqq
v2 ´∆v ` |u|ρu|v|ρ “ 0 in H´1loc p0,8;Lq1pΩqq
Bu
Bν ` δpxqu
1 “ 0 in L2locp0,8;L2pΓ1qq
Bv
Bν ` δpxqv
1 “ 0 in L2locp0,8;L2pΓ1qq.
and the initial conditions
up0q “ u0, vp0q “ v0 u1p0q “ u1, v1p0q “ v1
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Corollary 2.3. We obtain similar results to Theorem 2.2 for the case ρ ą 0 and n “ 1, 2.
Set the hypothesis
(2.9) ρ ą 0 and θ ą 1 with 4ρθ ě 1, if n “ 1, 2;
(2.10) ρ “ 2
n´ 2 and θ “
n
n´ 2 , if 7 ď n ď 11.
Remark 2.4. Under the restrictions (2.10) on ρ and n we have:
V ãÑ LqpΩq ãÑ L4ρθpΩq, and V ãÑ L2θpΩq
Theorem 2.5. Consider u0, v0 P V and u1, v1 P L2pΩq. Then under hypothesis (2.4)–(2.8)
and (2.10), we have that there exists functions u, v in the classˇˇˇˇ
ˇˇ u, v P L
8p0,8;V q;
u1, v1 P L8p0,8;L2pΩqq;
u1, v1 P L8p0,8;L2pΓ1qq.
such that u and v satisfies the equations
u2 ´∆u` |u|ρ|v|ρv “ 0 in H´1loc p0,8;LθpΩqq
v2 ´∆v ` |u|ρu|v|ρ “ 0 in H´1loc p0,8;LθpΩqq
Bu
Bν ` δpxqu
1 “ 0 in L2locp0,8;L2pΓ1qq
Bv
Bν ` δpxqv
1 “ 0 in L2locp0,8;L2pΓ1qq.
and the initial conditions
up0q “ u0, vp0q “ v0 u1p0q “ u1, v1p0q “ v1
Corollary 2.6. We obtain similar results to Theorem 2.5 for the case ρ ą 0 and n “ 1, 2.
In order to obtain results on the uniqueness and decay of solutions of Problem 1.2, we
prove the following theorem of the existence of solutions for the case ρ “ 1 and n “ 1, 2, 3.
For the case ρ ą 1 and n ą 3, the regularity of the solution u obtained below is an open
problem.
Remark 2.7. We observe that for 0 ă ρ ď 1
n´2 and from trace theorem, we have
V ãÑ H 12 pΓ1q ãÑ Lq1pΓ1q ãÑ L2pρ`1qpΓ1q,
where q1 “ 2pn´1qn´2 for n ě 3. In particular for ρ “ 1 and n “ 3, we obtain
V ãÑ H 12 pΓ1q ãÑ L4pΓ1q ãÑ L2pΓ1q.
Thus there exists positive constants c2 and c3 such that
(2.11) }w}L4pΓ1q ď c2}w}, and }w}L2pΓ1q ď c3}w}, @w P V.
6 CLA´DIO O. P. DA SILVA, ALDO T. LOUREDO, AND MANUEL MILLA MIRANDA
We also consider the following hypothesis:
Introduce the following restrictions on the initial data and some constants:
(2.12) }u0}, }v0} ă λ˚1 and L1 ă 14pλ
˚
1q2,
where
(2.13) λ˚1 “
ˆ
1
4N1
˙ 1
2
;
(2.14) L1 “ 1
2
“|u1|2 ` |v1|2‰` 1
2
“}u0}2 ` }v0}2‰`N1 “}u0}4 ` }v0}4‰ ;
(2.15) N1 “ c
4
1
2
„
n` 1
4

` Rc
4
2
2
` c41pn´ 1q;
Theorem 2.8. Let ρ “ 1 and n ď 3. Consider (2.12)–(2.15) and u0, v0 P V X H2pΩq and
u1, v1 P V satisfying
Bu0
Bν ` δpxqu
1 “ 0 on Γ1
Bv0
Bν ` δpxqv
1 “ 0 on Γ1.
Then there exists unique functions u, v in the class
(2.16)
ˇˇˇˇ
ˇˇ u, v P L
8p0,8;V XH2pΩqq, u1, v1 P L8locp0,8;V q
u2, v2 P L8locp0,8;L2pΩqq
u1, v1 P L8p0,8;L2pΓ1qq, u2, v2 P L8locp0,8;L2pΓ1qq
such that u and v satisfies the equations
u2 ´∆u` |u||v|v “ 0 in L8locp0,8;L2pΩqq
v2 ´∆v ` |u|u|v| “ 0 in L8locp0,8;L2pΩqq
Bu
Bν ` δpxqu
1 “ 0 in L8locp0,8;H 12 pΓ1qq
Bv
Bν ` δpxqv
1 “ 0 in L8locp0,8;H 12 pΓ1qq.
and the initial conditions
up0q “ u0, vp0q “ v0 u1p0q “ u1, v1p0q “ v1
Corollary 2.9. We obtain similar results to Theorem 2.8 for the case ρ ą 1 and n “ 1, 2.
Next we state the result on the decay of solutions of Theorem 2.8. We assume that there
exists a point x0 P Rn, such that
Γ0 “ tx P Γ;mpxq ¨ νpxq ď 0u and Γ1 “ tx P Γ;mpxq ¨ νpxq ą 0u.
where mpxq “ x´ x0, x P Rn, see Figure 2
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Figure 2. The sets Γ0 and Γ1.
In this section we consider δpxq “ mpxq ¨ νpxq and R “ max
xPΩ
}mpxq}. The energy of system
(1.2) with ρ “ 1 is given by
Eptq “ 1
2
t|u1ptq|2 ` |v1ptq|2 ` }uptq}2 ` }vptq}2u ` 1
2
ż
Ω
p|uptq|uptqqp|vptq|vptqqdx, t P r0,8q.
We have the following result:
Theorem 2.10. Let tu, vu be the solution obtained in Theorem 2.8. Then
(2.17) Eptq ď 3Ep0qe´ τ3 t, @ t P r0,8q
where
τ “ min
"
1
2P
,
m0
D
*
ą 0;
P “ 4
ˆ
2R ` n´ 1
2
` n´ 1
2λ1
˙
;
D “ R3 `R `R2pn´ 1q2c23;
m0 “ mintmpxq ¨ νpxq;x P Γ1u ą 0.
(2.18)
2.2. Separability. Now consider X, Y and W be theree Banach spaces such that W ãÑ X
and W ãÑ Y . Let Z be a topological vector space that separates points, such that X ãÑ Z
and Y ãÑ Z. Then the space E “ X X Y provided with the norm
}u}E “ }u}X ` }u}Y
is a Banach space.
Proposition 2.11. If W is dense in X and dense in Y then W is dense E.
Proof: Consider T P E 1 such that
xT,wyE1ˆE “ 0, @w P W.
Note that W has the same topology considered as a subspace of X X Y or as a subspace of
X ˆ Y . So T is continuous on W with the topology of X X Y . Then by the Hanah-Banach
Theorem there exist R P X 1 and S P Y 1 such that
(2.19) xT,wyE1ˆE “ xR,wyX 1ˆX ` xS,wyY 1ˆY , @w P W.
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Observe that X 1 ãÑ W 1 and Y 1 ãÑ W 1. Then
xR,wyX 1ˆX “ xR,wyW 1ˆW
xS,wyY 1ˆY “ xS,wyW 1ˆW .(2.20)
By (2.19) and (2.20), we obtain
(2.21) xR ` S,wyW 1ˆW “ xT,wyE1ˆE “ 0, @w P W.
By the density of W in X and in Y , (2.21) implies
R ` S “ 0 on X and R ` S “ 0 on Y.
Therefore
T “ R ` S “ 0 on E.
˝
Proposition 2.12. Assume the hypotheses of Proposition 2.11. Then if W is separable we
have that E is separable.
Proof: Let tw1, w2, . . .u be a basis of W . Consider u P E. Then by Proposition 2.11, there
exists ϕ P W such that
}u´ ϕ}E ă 
2
.
Also there exists
nÿ
j“1
αjwj such that
›››››ϕ´ nÿ
j“1
αjwj
›››››
W
ă 
2c
.
Thus›››››u´ nÿ
j“1
αjwj
›››››
E
ď }u´ ϕ}E `
›››››ϕ´ nÿ
j“1
αjwj
›››››
E
ď }u´ ϕ}E ` c
›››››ϕ´ nÿ
j“1
αjwj
›››››
W
ă .
˝
2.3. A trace theorem. In what follows we will show that DpΩq is dense in X . For this,
let O be a star-shaped subset of Rn with respect to 0 P Rn. Consider the linear homotetic
transformation σηpxq “ ηx, η ą 0. Note that for η ą 1,
(2.22) O Ă O Ă σηpOq.
Consider a function w : O Ñ R defined in O. For η ą 0 introduce the function
ση ˝ w : σηpOq Ñ R, y ÞÝÑ pση ˝ wqpyq “ wpσ 1
η
pyqq.
Note that when η ą 1, the domain of the function ση ˝w contain the domain of w (see (2.22))
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Proposition 2.13. Let S P D1pOq. Then
1q ση ˝ S defined by
xση ˝ S, ξy “ 1
ηn
xS, ση ˝ ξy, ξ P DpσηpOqq,
belongs to D1pσηpOqq, pη ą 0q.
2q BByi pση ˝ Sq “ ηση ˝
ˆ B
ByiS
˙
, pη ą 0q.
3q If η ą 1, η Ñ 1, the restriction to O of ση ˝ S convergs to S in the distribution sense.
4q If v P LppOq, p1 ď p ă 8q, ση ˝ v P LppσηpOqq, pη ą 0q. For η ą 1, η Ñ 1, the
restriction to O of ση ˝ v convergs to v in LpppOqq.
Proof: The proof can be found in Temam [26, Lemma 1.1, p. 7]. ˝
We have the following results:
Theorem 2.14. The space DpΩq is dense in X .
Proof: Let U be an open set of Rn with boundary BU of class C2. Introduce the Banach
space
X pUq “ tu P V pUq; ∆u P LθpUqu
equipped with the norm
}u}X pUq “ }u}V pUq ` }∆u}LθpUq.
We divide the proof in four parts.
First part. By truncation and regularization we prove that DpRnq is dense in X pRnq. For
more details see Medeiros and Milla Miranda [16, Theorem 1.1, p. 8].
Second part. Let pUkq1ďkďm be an open covering of Γ0 and Γ1 with U`k “ Ω X Uk star-
shaped with respect to one of its points, k “ 1, . . . ,m. Let pϕkq0ďkďm be a C8´partition of
unity subordinate to the open covering Ω, pUkq1ďkďm of Ω. Thus
ϕ0pxq `
mÿ
k“1
ϕkpxq “ 1, @x P Ω, ϕ0 P DpΩq, ϕk P DpUkq, k “ 1, . . . ,m.
Consider u P X . Then
(2.23) u “ ϕ0pxqu`
mÿ
k“1
ϕkpxqu.
We use the notations
vk “ ϕkpxqu, k “ 0, 1, . . . ,m.
We will analize v0. Represent by U0 an open set of Rn such that psuppϕ0qXΩ is contained in
U0. After translation, we can choose U0 such that U0 is star-shaped with respect to 0 P Rn.
Define ση ˝ v0, η ą 1. Then by (2.22) and Proposition 2.13, first part, we have that ση ˝ v0
is defined in σηpU0q. Consider
ψ P DpσηpU0qq such that ψ ” 1 on U0, and w0η “ ψrση ˝ v0s, η ą 1.
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Then supppw0ηq is contained in σηpU0q. By Proposition 2.13, second part, we obtain
(2.24)
Bw0η
Bxi “
Bψ
Bxi rση ˝ v0s ` ηψ
ˆ
ση ˝ Bv0Bxi
˙
(2.25) ∆w0η “ η2ψrση ˝∆v0s `∆ψrση ˝∆v0s ` 2η
nÿ
i“n
Bψ
Bxi
„
ση ˝ Bv0Bxi

.
By the preceding equalities, we obtain that w0η P X pσηpU0qq. Consider w˜0η the extension
of w0η, that is,
w˜0η “
ˇˇˇˇ
ˇˇ w0η in σηpU0q;
0 in Rn{σηpU0q.
Then w˜0η P X pRnq. By the first part we have w˜0η can be approximated in X pRnq by functions
of DpRnq. Consequentely
(2.26) w0η can be approximated in X pσηpU0qq by functions of DpσηpU0qq.
By (2.24) and (2.25) we have
w0η|U0 “ rση ˝ v0s|U0 ,
Bw0η
Bxi |U0
“ η
„
ση ˝ Bv0Bxi

|
U0
, ∆w0η|U0 “ η2rση ˝∆v0s|U0 .
Then by Proposition 2.13, third and fourth part, we obtain
w0η|U0 Ñ v0 in L2pU0q as η Ñ 1;
Bw0η
Bxi |U0
Ñ Bv0Bxi in L
2pU0q as η Ñ 1;
∆w0η|U0 Ñ ∆v0 in LθpU0q as η Ñ 1.
By (2.26) and the last three convergences we conclude that v0 can be approximated in X pU0q
by functions of DpU0q.
Third part. Analize vk, k “ 1, . . . ,m. In this case we apply similar arguments to those
used in the case v0. Thus we take U
`
k instead U0. We can assume that U
`
k is star-shaped
with respect to 0 P Rn. Consider σηpU`k q instead σηpU0q. Introduce
ψ P DpσηpU`k qq with ψ ” 1 on U`k .
Consider wkη “ ψrση ˝ vks, η ą 1. Then
wkη P X pσηpU`k qq; supppwkηq Ă X pσηpU`k qq; w˜kη P X pRnq
and
wkη|U`k Ñ vk in X pσηpU
`
k qq as η Ñ 1.
Thus vk can be approximated in X pU`k q by functions of DpU`k q.
By (2.23) and the above results we conclude that u P X can be approximated in X pUq by
functions of DpUq.
Fourth part. The theorem follow since that X pUq and X has equivalent norms in X . ˝
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It is known by trace theorem that there exists a linear continuous and sobrejetive map
γ0 : W
1,θ1pΩq Ñ W 1θ ,θ1pΓq, γ0u “ u|Γ
and has inverse continuous,
W
1
θ
,θ1pΓq Ñ W 1,θ1pΩq, ξ ÞÝÑ u
In particular we have
γ0 : W
1,θ1
Γ0
pΩq Ñ W 1θ ,θ1pΓ1q, γ0u “ u|Γ1
and
W
1
θ
,θ1pΓ1q Ñ W 1,θ1Γ0 pΩq, ξ ÞÝÑ u,
are continuous. For more details see [21, Theorem 5.5, p. 95].
We want to prove a similar result for the functions in X . We have the following trace
theorem, which means that we can define BuBν on Γ1 when u P X .
Theorem 2.15. There exists a linear continuous map
X Ñ W´ 1θ ,θpΓ1q, u ÞÝÑ γ1u “ BuBν
such that
(2.27) xγ1u, γ0zy
W´
1
θ
,θpΓ1qˆW 1θ ,θ1 pΓ1q “ x∆u, zyLθpΩqˆLθ1 pΩq `
nÿ
i“1
ż
Ω
Bu
Bxi
Bz
Bxidx,
for all z P W 1,θ1Γ0 pΩq.
Proof: Note that (2.27) is well defined and hold for u P DpΩq. In fact, let u P DpΩq, using
W 1,θ
1
Γ0
pΩq ãÑ V and W 1,θ1Γ0 pΩq ãÑ Lθ
1pΩq, we haveˇˇˇˇż
Γ1
pγ1uqpγ0zqdΓ
ˇˇˇˇ
ď }u}V }z}V ` }∆u}LθpΩq}z}Lθ1 pΩq
ď c}u}V }z}W 1,θ1Γ0 pΩq ` c}∆u}LθpΩq}z}W 1,θ1Γ0 pΩq
ď c}u}X }z}W 1,θ1Γ0 pΩq,
for some positive constant c.
Let ξ P W 1θ ,θ1pΓ1q. Then by trace theorem there exists z P W 1,θ1Γ0 pΩq such that ξ “ γ0z and
}z}
W 1,θ
1
Γ0
pΩq ď c}ξ}W 1θ ,θ1 pΓ1q.
Thus ˇˇˇˇż
Γ1
pγ1uqξdΓ
ˇˇˇˇ
ď c}u}X }ξ}
W
1
θ
,θ1 pΓ1q,
that is,
γ1u P pW 1θ ,θ1pΓ1qq1 “ W´ 1θ ,θpΓ1q
and
}γ1u}
W´
1
θ
,θpΓ1q ď c}u}X , @u P DpΩq.
Now, the results follows by density.
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˝
3. Existence and uniqueness of global solution
This section concerns the proof of the Theorem 2.2, Theorem 2.5 and Theorem 2.8.
3.1. Proof of Theorem 2.2. We use Faedo-Galerkin method with compactness arguments
and ideas used by MiIla Miranda, Lourdo and Medeiros [17].
Approximate Problem. Let pwpqpPN be a basis of the separable Banach space V . Let
Vm “ rw1, ¨ ¨ ¨ , wms be the subspace generated by the m first vectores w1, w2, ¨ ¨ ¨ , wm. Con-
sider
umptq “
mÿ
j“1
gjmptqwj, vmptq “
mÿ
j“1
hjmptqwj
such that um and vm are approximate solutions of problem (1.2), that is,
(3.1)
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇ
pu2mptq, wjq ` ppumptq, wjqq `
ż
Γ1
δu1mptqwjdΓ`
ż
Ω
|umptq|ρ|vmptq|ρvmptqwjdx “ 0
pv2mptq, wlq ` ppvmptq, wlqq `
ż
Γ1
δv1mptqwldΓ`
ż
Ω
|umptq|ρumptq|vmptq|ρwldx “ 0,
ump0q “ u0m Ñ u0 in V and u1mp0q “ u1m Ñ u1 in L2pΩq
vmp0q “ v0m Ñ v0 in V and v1mp0q “ v1m Ñ v1 in L2pΩq
for all j “ 1, 2, . . . ,m and for all l “ 1, 2, . . . ,m.
The above finite-dimensional system has solutions tumptq, vmptqu defined on r0, tmq. The
following estimate allows us to extend this solution to the interval r0,8q.
Remark 3.1. We prove initially that the integral
(3.2)
ż
Ω
|umptq|ρ|vmptq|ρvmptqwjdx
makes sense. Indeed, firstly we note that wj P LqpΩq. If 3 ď n ď 6 and we use the item piiq
of Remark 2.1. We obtain, noting that q1 “ 2n
n`2ż
Ω
|umptq|ρq1 |vmptq|ρq1 |vmptq|q1dx “
ż
Ω
|umptq| 2nρn`2 |vmptq| 2nρn`2 |vmptq| 2nn`2dx
ď
ˆż
Ω
|umptq| 8nρn`2dx
˙ 1
4
ˆż
Ω
|vmptq| 8nρn`2dx
˙ 1
4
ˆż
Ω
|vmptq| 4nn`2dx
˙ 1
2
“ }umptq}
2nρ
n`2
L
8nρ
n`2 pΩq
}vmptq}
2nρ
n`2
L
8nρ
n`2 pΩq
}vmptq}
2n
n`2
L
4n
n`2 pΩq
ď C}umptq} 2nρn`2 }vmptq} 2nρn`2 }vmptq} 2nn`2 ,
for some positive constant C. Therefore the above integral (3.2) makes sense. Similar con-
siderations for the integral ż
Ω
|umptq|ρumptq|vmptq|ρwldx.
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A Priori Estimates. Multiplying both of sides of p3.1q1 by g1jmptq and adding from j “ 1
to j “ m. We obtain
1
2
d
dt
|u1mptq|2 ` 12
d
dt
}umptq}2 `
ż
Γ1
δru1mptqs2dΓ
`
ż
Ω
p|umptq|ρu1mptqqp|vmptq|ρvmptqqdx “ 0.
(3.3)
We observe that
(3.4)
d
dt
p|umptq|ρumptqq “ pρ` 1q|umptq|ρu1mptq
Taking into account (3.4) in (3.3), we obtain
1
2
d
dt
|u1mptq|2 ` 12
d
dt
}umptq}2 `
ż
Γ1
δru1mptqs2dΓ
` 1
ρ` 1
ż
Ω
d
dt
p|umptq|ρumptqqp|vmptq|ρvmptqqdx “ 0.
(3.5)
Similarly multiplying both of sides of (3.1)2 by h
1
jmptq, we obtain
1
2
d
dt
|v1mptq|2 ` 12
d
dt
}vmptq}2 `
ż
Γ1
δrv1mptqs2dΓ
` 1
ρ` 1
ż
Ω
p|umptq|ρumptqq d
dt
p|vmptq|ρvmptqqdx “ 0.
(3.6)
Adding (3.5) and (3.6), we have
1
2
d
dt
!
|u1mptq|2 ` }umptq}2 ` |v1mptq|2 ` }vmptq}2
)
`
ż
Γ1
δru1mptqs2dΓ
`
ż
Γ1
δrv1mptqs2dΓ` 1ρ` 1
d
dt
ż
Ω
p|umptq|ρumptqqp|vmptq|ρvmptqqdx “ 0.
Integrating the above expression from 0 to t with t ă tm, and using the hypothesis on δ, we
obtain
1
2
!
|u1mptq|2 ` }umptq}2 ` |v1mptq|2 ` }vmptq}2
)
` δ0
ż t
0
ż
Γ1
ru1mpsqs2dΓds
` δ0
ż t
0
ż
Γ1
rv1mpsqs2dΓds` 1ρ` 1
ż
Ω
p|umptq|ρumptqqp|vmptq|ρvmptqqdx
ď 1
2
!
|u1m|2 ` }u0m}2 ` |v1m|2 ` }v0m}2
)
` 1
ρ` 1
ż
Ω
p|u0mpxq|ρu0mpxqqp|v0mpxq|ρv0mpxqqdx.
(3.7)
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From Young’s inequality, we getˇˇˇˇ
1
ρ` 1
ż
Ω
p|umptq|ρumptqqp|vmptq|ρvmptqqdx
ˇˇˇˇ
ď 1
2pρ` 1q
!
}umptq}2pρ`1qL2pρ`1qpΩqdx` }vmptq}2pρ`1qL2pρ`1qpΩqdx
)
.
Now using the fact V ãÑ L2pρ`1qpΩq, (see (2.3)), we deriveˇˇˇˇ
1
ρ` 1
ż
Ω
p|umptq|ρumptqqp|vmptq|ρvmptqqdx
ˇˇˇˇ
ď N
”
}umptq}2pρ`1q ` }vmptq}2pρ`1q
ı
,(3.8)
where N was defined in (2.7). Analogously we obtain
(3.9)
ˇˇˇˇ
1
ρ` 1
ż
Ω
p|u0m|ρu0mqp|v0m|ρv0mqdx
ˇˇˇˇ
ď N
”
}u0m}2pρ`1q ` }v0m}2pρ`1q
ı
.
Substituting (3.8) and (3.9) in (3.7) we obtain
1
2
!
|u1mptq|2 ` }umptq}2 ` |v1mptq|2 ` }vmptq}2
)
´N
!
}umptq}2pρ`1q ` }vmptq}2pρ`1q
)
` δ0
ż t
0
ż
Γ1
ru1mpsqs2dΓds` δ0
ż t
0
ż
Γ1
rv1mpsqs2dΓds ď 12
!
|u1m|2 ` }u0m}2 ` |v1m|2 ` }v0m}2
)
`N
!
}u0m}2pρ`1q ` }v0m}2pρ`1q
)
.
(3.10)
By hypotheses and convergences (3.1), for small η ą 0, we obtain
}u0m} ă }u0} ` η ă λ˚, }v0m} ă }v0} ` η ă λ˚, @m ě m0
Lm “ 1
2
r|u1m|2 ` |v1m|2s ` 1
2
r}u0m}2 ` }v0m}2s
`N r}u0m}2pρ`1q ` }v0m}2pρ`1qs ă L` η ă 1
2
pλ˚q2, @m ě m0
(3.11)
where L was introduced in (2.6). Therefore from (3.10) and (3.11), we have for small η ą 0,
1
2
!
|u1mptq|2 ` }umptq}2 ` |v1mptq|2 ` }vmptq}2
)
´N
!
}umptq}2pρ`1q ` }vmptq}2pρ`1q
)
` δ0
ż t
0
ż
Γ1
ru1mpsqs2dΓds` δ0
ż t
0
ż
Γ1
rv1mpsqs2dΓds ă L` η ă 14pλ
˚q2, @m ě m0,
(3.12)
Motivated by (3.12), we set the function
Jpλq “ 1
4
λ2 ´Nλ2pρ`1q, λ ě 0.
Then (3.12) provides
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1
2
|u1mptq|2 ` 14}umptq}
2 ` Jp}umptq}q ` 1
2
|v1mptq|2 ` 14}vmptq}
2 ` Jp}vmptq}q
` δ0
ż t
0
ż
Γ1
ru1mpsqs2dΓds` δ0
ż t
0
ż
Γ1
rv1mpsqs2dΓds ă L` η ă 14pλ
˚q2, @m ě m0.
(3.13)
In order to obtain an a priori estimates for the approximate solutions um and vm, we need
that the left side of (3.13) would be non-negative. It is possible if Jp}umptq}q and Jp}vmptq}q
are non-negative. In the next result we prove that if the hypothesis (2.4) is satisfied then
Jp}umptq}q ě 0, Jp}vmptq}q ě 0, @ t P r0,8q.
Remark 3.2. Note that
Jpλq “ 1
4
λ2 ´Nλ2pρ`1q ě 0, @ 0 ď λ ď λ˚.
This fact is consequence of
Jpλq “ λ2
ˆ
1
4
´Nλ2ρ
˙
, λ ě 0.
Lemma 3.3. Consider u0, v0 P V and u1, v1 P L2pΩq such that
}u0}, }v0} ă λ˚
and
L1 ă 1
4
pλ˚q2
where λ˚ and L were defined, respectively, in (2.5) and (2.6). Then
}umptq} ă λ˚ and }vmptq} ă λ˚, @t P r0, tmq, @m ě m0.
Proof: We fix m ě m0. We show the lemma by contradiction argument. Thus assume that
there exists t1 P p0, tmq or t2 P p0, tmq such that
}umpt1q} ě λ˚ or }vmpt2q} ě λ˚.
There are two possibilities, which are
1q }umpt1q} ě λ˚ and }vmpt2q} ě λ˚,
2q }umpt1q} ě λ˚ and }vmptq} ă λ˚ @ t P r0,8q.(3.14)
Assume that occurs possibility 1q. Then by intermediate Value Theorem there exists τ1 P
p0, tmq and τ2 P p0, tmq such that
}umpτ1q} “ λ˚ and }vmpτ2q} “ λ˚.
Set
t˚1 “ inftτ P p0, tmq; }umpτq} “ λ˚u
t˚2 “ inftτ P p0, tmq; }vmpτq} “ λ˚u.
By continuity of }umptq} and }vmptq}, we obtain
}umpt˚1q} “ λ˚ and }vmpt˚2q} “ λ˚.
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From (3.11)1 it follows that t1˚ ą 0 and t2˚ ą 0. Thus
}umptq} ă λ˚ for 0 ď t ă t˚1
}vmptq} ă λ˚ for 0 ď t ă t˚2 .
Therefore by Remark 3.2, we get
Jp}umptq}q ě 0 for 0 ď t ă t˚1
Jp}vmptq}q ě 0 for 0 ď t ă t˚2 .
Assume t1˚ ď t2˚ . Similar arguments if t2˚ ď t1˚ . Return to expression (3.13). Then
1
4
}umptq}2 ` Jp}umptq}q ` 1
4
}vmptq}2 ` Jp}vmptq}q ď L` η ă 1
4
pλ˚q2 0 ď t ă t˚1
So
1
4
}umptq}2 ď L` η ă 1
4
pλ˚q2 0 ď t ă t˚1 , @m ě m0.
Taking the limit as t Ñ t1˚ , 0 ă t ă t1˚ in this inequality we obtain a contradiction. This
prove the part 1 of (3.14).
The proof of possibility 2q of (3.14) follows by applying the arguments used in part 1q to
}umpt1q} ě λ˚ and this conclude the proof of the lemma. ˝
By by Lemma (3.3) we have
}umptq} ă λ˚, }vmptq} ă λ˚ @ 0 ď t ă 8, @ m ě m0.
Consequently
Jp}umptq}q ě 0, Jp}vmptq}q ě 0, @ t P r0,8q.
Therefore
1
2
|u1mptq|2 ` 14}umptq}
2 ` 1
2
|v1mptq|2 ` 14}vmptq}
2
` δ0
ż t
0
ż
Γ1
ru1mpsqs2dΓds` δ0
ż t
0
ż
Γ1
rv1mpsqs2dΓds ď L` η ă 14pλ
˚q2,
(3.15)
for all t P r0,8q and for all m ě m0. By (3.15) we obtain
(3.16)
ˇˇˇˇ
ˇˇˇ pumq, pvmq are bounded in L
8p0,8;V q, @m ě m0;
pu1mq, pv1mq are bounded in L8p0,8;L2pΩqq, @m ě m0;
pu1mq, pv1mq are bounded in L2p0,8;L2pΓ1qq, @m ě m0.
With similar arguments used in the Remark 3.1 we obtain
}|umptq|ρ|vmptq|ρvmptq|}Lq1 pΩq ď C, @ m ě m0.
where the constant C ą 0 is independent of t and m. It follows that
(3.17) p|um|ρ|vm|ρvmq is bounded in L8p0,8;Lq1pΩqqq, @ m ě m0.
In similar way, we find
(3.18) p|um|ρum|vm|ρq is bounded in L8p0,8;Lq1pΩqqq, @ m ě m0.
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Passage to the limit in m. Estimates (3.16), (3.17) and (3.18) allow us, by induction and
diagonal process, to obtain a subsequences of pumq and pvmq, still denoted by pumq and pvmq,
and functions u, v : Ωˆ r0,8q Ñ R, such that
(3.19)
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇ
um Ñ u and vm Ñ v weak star in L8p0,8, V q,
u1m Ñ u1 and v1m Ñ v1 weak star in L8p0,8, L2pΩqq,
u1m Ñ u1 and v1m Ñ v1 weak in L2p0,8, L2pΓ1qq,
|um|ρ|vm|ρvm Ñ ξ weak star in L8p0,8, Lq1pΩqq,
|um|ρum|vm|ρ Ñ ζ weak star in L8p0,8, Lq1pΩqq.
We must show that ξ “ |u|ρ|v|ρv and ζ “ |u|ρu|v|ρ.
Consider T ą 0 fixed but arbitrary. By convergences (3.19)1 and (3.19)2 and noting
that V
compactãÑ L2pΩq, we obtain by Aubin-Lions Theorem that there are subsequences of
pumq, pvmq, which we still denoted by pumq, pvmq, respectively, such that
(3.20)
ˇˇˇˇ
ˇ um Ñ u strong in L
8p0, T, L2pΩqq,
vm Ñ v strong in L8p0, T, L2pΩqq.
By (3.20) there are subsequences of pumq and pvmq such that
(3.21)
ˇˇˇˇ
ˇ um Ñ u a.e. in Ωˆ p0, T q,vm Ñ v a.e. in Ωˆ p0, T q.
By (3.21) we have that ˇˇˇˇ
ˇ |um|
ρ Ñ |u|ρ a.e. in Ωˆ p0, T q,
|vm|ρvm Ñ |v|ρv a.e. in Ωˆ p0, T q.
Therefore
(3.22) |um|ρ|vm|ρvm Ñ |u|ρ|v|ρv a.e. in Ωˆ p0, T q.
From (3.17), (3.22) and of Lions’ Lemma we obtain
|um|ρ|vm|ρvm Ñ |u|ρ|v|ρv weak in L2p0, T, Lq1pΩqq.
In similar way, we find
|um|ρum|vm|ρ Ñ |u|ρu|v|ρ weak in L2p0, T, Lq1pΩqq.
By a diagonal process we obtain
(3.23) |um|ρ|vm|ρvm Ñ |u|ρ|v|ρv weak star in L8locp0,8, Lq1pΩqq.
In similar way, we find
(3.24) |um|ρum|vm|ρ Ñ |u|ρu|v|ρ weak star in L8locp0,8, Lq1pΩqq.
By (3.19) and (3.23), (3.24) we have ξ “ |u|ρ|v|ρv and ζ “ |u|ρu|v|ρ.
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Multiplying both sides of the approximate equation (3.1)1 by ϕ P Dp0,8q, integrating inr0,8q, using the convergences (3.19) and noting that Vm is dense in V we obtainż 8
0
pu2ptq, wqϕptqdt`
ż 8
0
ppuptq, wqqϕptqdt`
ż 8
0
ż
Γ1
δu1ptqwϕptqdΓdt
`
ż 8
0
p|uptq|ρ|vptq|ρvptq, wqϕptqdt “ 0, @w P V, @ϕ P Dp0,8q.
(3.25)
Since V is dense in L2pΩq it follows that (3.25) is true for all v P L2pΩq.
In similar way, we findż 8
0
pv2ptq, zqϕptqdt`
ż 8
0
ppvptq, zqqϕptqdt`
ż 8
0
ż
Γ1
δu1ptqzϕptqdΓdt
`
ż 8
0
p|uptq|ρuptq|vptq|ρ, zqϕptqdt “ 0, @z P V, @ϕ P Dp0,8q.
Taking in (3.25) w P DpΩq Ă V , it follows that
(3.26) u2 ´∆u` |u|ρ|v|ρv “ 0 in D1pΩˆ p0,8qq.
In similar way
v2 ´∆v ` |u|ρu|v|ρ “ 0 in D1pΩˆ p0,8qq.
Let T ą 0 fix. Note that u1 P L2p0, T ;L2pΩqq ãÑ L2p0, T ;Lq1pΩqq then u2 P H´1p0, T ;Lq1pΩqq.
Since |u|ρ|v|ρv P L2p0, T ;Lq1pΩqq ãÑ H´1p0, T ;Lq1pΩqq then by (3.26) we have
´∆u P H´1p0, T ;Lq1pΩqq.
Therefore
u2 ´∆u` |u|ρ|v|ρv “ 0 in H´1p0, T ;Lq1pΩqq.
In similar way
v2 ´∆v ` |u|ρu|v|ρ “ 0 in H´1p0, T ;Lq1pΩqq.
As u P L2p0, T ;V q and ∆u P H´1p0, T ;Lq1pΩqq then by Theorem 2.15 with θ “ q1 we obtain
(3.27)
Bu
Bν P H
´1pp0, T ;W´ 1q1 ,q1pΓ1qq
Multiplyng both sides of (3.26) by wϕ with w P L2pΩq and ϕ P Dp0,8q, integrating on
Ωˆ p0,8q and using (3.27) and Green’s formulaż 8
0
pu2ptq, wqϕptqdt`
ż 8
0
ppuptq, wqqϕptqdt´
ż 8
0
BBuptq
Bν , w
F
ϕptqdΓdt
`
ż 8
0
p|uptq|ρuptq|vptq|ρ, wqϕptqdt “ 0, @w P V @ϕ P Dp0,8q,
where x¨, ¨y denotes the duality paring between W´ 1q1 ,q1pΓ1q and W 1q1 ,qpΓ1q. Comparing this
lest equation with (3.25), we obtainż 8
0
BBuptq
Bν ` δu
1ptq, w
F
ϕptqdΓdt “ 0, @w P L2pΩq @ϕ P Dp0,8q
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Therefore Bu
Bν ` δu
1 “ 0 in W´ 1q1 ,q1pΓ1q.
In similar way
Bv
Bν ` δv
1 “ 0 in W´ 1q1 ,q1pΓ1q.
Snce δu1 P L2p0,8, L2pΓ1qq, then
Bu
Bν ` δu
1 “ 0 in L2p0, T ;L2pΓ1qq.
In similar way
Bv
Bν ` δv
1 “ 0 in L2p0, T ;L2pΓ1qq.
Initial Conditions. Using a standard argument, we can verify the initial conditions.
3.2. Proof of Theorem 2.5. As the saparable space W 1,θ
1
Γ0
pΩq is dense in V and dense in
Lθ
1pΩq and W 1,θ1Γ0 pΩq ãÑ V X Lθ
1pΩq by Proposition 2.11 and Proposition 2.12 we have that
V X Lθ1pΩq is a separable Banach space. Thus, taking a basis pwlqlPN in V X Lθ1pΩq where
1
θ
` 1
θ1
“ 1 and using similar arguments to those used in the Theorem 2.2 we show the
Theorem 2.5.
3.3. Proof of Theorem 2.8. The proof of Theorem 2.8 will be done by applying the Faedo-
Galerkin method with a special basis of V X H2pΩq. But to this we need of the following
proposition.
Proposition 3.4. Let us consider f P L2pΩq and g P H 12 pΓ1q. Then, the solution u of the
boundary value problem: ˇˇˇˇ
ˇˇˇ ´∆w “ f in Ωw “ 0 on Γ0Bw
Bν “ g on Γ1
belongs to V XH2pΩq and
}w}H2pΩq ď r|f | ` }g}H 12 pΓ1qs.
Proof: For the proof see Milla Miranda and Medeiros [20, Proposition 1, p 49].
Proposition 3.5. Suppose u0 P V XH2pΩq, u1 P V and
Bu0
Bν ` δpxqu
1 “ 0 on Γ1.
Then, for each ε, there exists w and z in V XH2pΩq such that:
}w ´ u0}VXH2pΩq ă ε, }z ´ u1} ă ε and BwBν ` δpxqz “ 0 on Γ1.
Proof: For the proof see Milla Miranda and Medeiros [20, Proposition 3, p. 50].
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Approximate Problem. From Proposition 3.5, we obtain sequences pu0kq, pv0kq andpu1kq, pv1kq of vectores of V XH2pΩq such that
u0k Ñ u0 in and v0k Ñ v0 in V XH2pΩq
u1k Ñ u1 in and v1k Ñ v1 in V,
(3.28)
and
Bu0k
Bν ` δu
1
k “ 0 and Bv
0
k
Bν ` δv
1
k “ 0 on Γ1 for all k P N.
Now we fix k P N and consider the basis twk1 , wk2 , wk3 , wk4 , . . .u of V X H2pΩq such that
u0k, v
0
k, u
1
k and v
1
k belong to the subspace rwk1 , wk2 , wk3 , wk4s spanned by wk1 , wk2 , wk3 and wk4 . For
each m P N we built the subspace V km “ rwk1 , wk2 , . . . , wkms. Consider
ukmptq “
mÿ
j“1
gjkmptqwkj , vkmptq “
mÿ
j“1
hjkmptqwkj
such that ukm and vkm are approximate solutions of problem (1.2), that is,
(3.29)
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇ
pu2kmptq, wq ` ppukmptq, wqq `
ż
Γ1
δu1kmptqwdΓ`
ż
Ω
|ukmptq||vkmptq|vkmptqwdx “ 0
pv2kmptq, zq ` ppvkmptq, zqq `
ż
Γ1
δv1kmptqzdΓ`
ż
Ω
|ukmptq|ukmptq|vkmptq|zdx “ 0,
ukmp0q “ u0k, u1kmp0q “ u1k
vkmp0q “ v0k, v1kmp0q “ v1k
for all w, z P V km.
The above finite-dimensional system has solutions tukmptq, vkmptqu defined on r0, tkmq. The
following estimate allows us to extend this solution to the interval r0,8q.
Remark 3.6. Using similar arguments used in Theorem 2.2 with ρ “ 1 we prove that the
integrals ż
Ω
|ukmptq||vkmptq|vkmptqwdx and
ż
Ω
|ukmptq|ukmptq|vkmptq|zdx.
makes sense.
First estimate. To obtain the first estimate we apply similar arguments used in Theorem
2.2 with ρ “ 1. In this case, we replace the function J by
J1pλq “ 1
4
λ2 ´N1λ4,
where N1 was defined in (2.15). We also obtain the following lemma
Lemma 3.7. Consider u0, v0 P V XH2pΩq and u1, v1 P V such that
}u0}, }v0} ă λ˚1
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and
L1 ă 1
4
pλ˚1q2
where λ1˚ and L1 were defined, respectively, in (2.13) and (2.14). Then
}ukmptq} ă λ˚1 and }ukmptq} ă λ˚1 , @t P r0, tkmq, @k ě k0 @m.
Therefore, we get
(3.30)
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇ
pukmq, pvkmq are bounded in L8p0,8;V q; @k ě k0, @m P N
pu1kmq, pv1kmq are bounded in L8p0,8;L2pΩqq, @k ě k0, @m P N
pu1kmq, pv1kmq are bounded in L2p0,8;L2pΓ1qq, @k ě k0, @m P N
p|ukm||vkm|vkmq is bounded in L8p0,8;L2pΩqqq, @k ě k0, @m P N.
p|ukm|ukm|vkm|q is bounded in L8p0,8;L2pΩqqq, @k ě k0, @m P N.
Second estimate. Deriving (3.29)1 with respect to t, doing w “ u2kmptq and as the
function F pλq “ |λ|, λ P R is Lipschitz continuous, using the [4, Theorem A.3.12, Appendix–
p. 35] we obtain
1
2
d
dt
|u2kmptq|2 ` 12
d
dt
}u1kmptq}2 `
ż
Γ1
δru2kmptqs2dΓ
ď
ż
Ω
|u1kmptq||u2kmptq||vkmptq|2dx` 2
ż
Ω
|ukmptq||u2kmptq||vkmptq||v1kmptq|dx
(3.31)
Using the Ho¨lder’s inequality, the Sobolev embedding V ãÑ L6pΩq and estimats (3.30) we
have ż
Ω
|u1kmptq||u2kmptq||vkmptq|2dx ď }u1kmptq}L6pΩq|u2kmptq|}vkmptq}2L6pΩq
ď C}u1kmptq}|u2kmptq| ď Cp}u1kmptq}2 ` |u2kmptq|2q.
(3.32)
Analogously we obtain
(3.33)
ż
Ω
|ukmptq||u2kmptq||vkmptq||v1kmptq|dx ď Cp}v1kmptq}2 ` |u2kmptq|2q,
where C denote the several constants independent of k and m. Replecing (3.32) and (3.33)
in (3.31) and using the fact that δpxq ě δ0 ą 0 we have
1
2
d
dt
|u2kmptq|2 ` 12
d
dt
}u1kmptq}2 ` δ0
ż
Γ1
ru2kmptqs2dΓ ď Cp}u1kmptq}2 ` }v1kmptq}2 ` 2|u2kmptq|2q.
In similar way
1
2
d
dt
|v2kmptq|2 ``12
d
dt
}v1kmptq}2 ` δ0
ż
Γ1
rv2kmptqs2dΓ ď Cp}u1kmptq}2 ` }v1kmptq}2 ` 2|v2kmptq|2q.
Adding the lest equalities above and integrating on r0, ts
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1
2
p|u2kmptq|2 ` |v2kmptq|2 ` }u1kmptq}2 ` }v1kmptq}2q ` δ0
ż t
0
ż
Γ1
ru2kmpsqs2dΓds
` δ0
ż t
0
ż
Γ1
rv2kmpsqs2dΓds ď 12p|u
2
kmp0q|2 ` |v2kmp0q|2 ` }u1k}2 ` }v1k}2q
`
ż t
0
Cp|u2kmpsq|2 ` |v2kmpsq|2 ` }u1kmpsq}2 ` }v1kmpsq}2qds.
(3.34)
We need to bound |u2kmp0q|2 and |v2kmp0q|2 by a constant independent of k and m. This is
one of the key points of the proof. These bounds are obtained thanks to the choice of the
special basis of V XH2pΩq. In fact, taking t “ 0 in (3.29)1 we obtain
(3.35) pu2kmp0q, wq`ppukmp0q, wqq`
ż
Γ1
δpxqu1kmp0qwdΓ`
ż
Ω
|ukmp0q||vkmp0q|vkmp0qwdx “ 0.
We have ukmp0q “ u0k, u1kmp0q “ u1k and
Bu0k
Bν “ ´δpxqu
1
k on Γ1. Aplying Green formula to
(3.35), we then obtain
pu2kmp0q, wq “ p∆u0k, wq `
ż
Ω
|u0k||v0k|v0kwdx,
for all w P V km. Taking w “ u2kmp0q in this equality, using Ho¨lder’s inequality and observing
the convergences (3.28) we have
|u2kmp0q| ď |∆u0k| ` }u0k}L6pΩq}v0k}2L6pΩq ď C, @k,m.
Thus pu2kmp0qq is bounded in L2pΩq, for all k,m. In similar way pv2kmp0qq is bounded in
L2pΩq, for all k,m.
From (3.34), observing the fact pu2kmp0qq, pv2kmp0qq are bounded in L2pΩq and the conver-
gences (3.28) we have
1
2
p|u2kmptq|2 ` |v2kmptq|2 ` }u1kmptq}2 ` }v1kmptq}2q ` δ0
ż t
0
ż
Γ1
ru2kmpsqs2dΓds
` δ0
ż t
0
ż
Γ1
rv2kmpsqs2dΓds ď C `
ż t
0
Cp|u2kmpsq|2 ` |v2kmpsq|2 ` }u1kmpsq}2 ` }v1kmpsq}2qds.
Therefore by Gronwall’s inequality there exists Cptq, t ą 0 such that
|u2kmptq|2`|v2kmptq|2`}u1kmptq}2`}v1kmptq}2`
ż t
0
ż
Γ1
ru2kmpsqs2dΓds`
ż t
0
ż
Γ1
rv2kmpsqs2dΓds ď Cptq,
it follows that
(3.36)
ˇˇˇˇ
ˇˇˇ pu
1
kmq, pv1kmq are bounded in L8locp0,8;V q;
pu2kmq, pv2kmq are bounded in L8locp0,8;L2pΩqq;
pu2kmq, pv2kmq are bounded in L2locp0,8;L2pΓ1qq.
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Passage to the limit. Estimates (3.30), (3.36) and using symilar arguments used in The-
orem 2.2 with ρ “ 1 allow us
(3.37)
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇ
ukm Ñ uk and vkm Ñ vk weak star in L8p0,8, V q,
u1km Ñ u1k and v1km Ñ v1k weak star in L8locp0,8, V q,
u2km Ñ u2k and v2km Ñ v2k weak star in L8locp0,8, L2pΩqq,
u1km Ñ u1k and v1km Ñ v1k weak in L2p0,8, L2pΓ1qq,
u2km Ñ u2k and v2km Ñ v2k weak in L2locp0,8, L2pΓ1qq,
|ukm||vkm|vkm Ñ |uk||vk|vk weak star in L8p0,8, L2pΩqq,
|ukm|ukm|vkm| Ñ |uk|uk|vk| weak star in L8p0,8, L2pΩqq.
From (3.36)1 and trace theorem we obtain
pu1kmq, pv1kmq are bounded in L8locp0,8;H 12 pΓ1qq.
and thus
(3.38)
ˇˇˇˇ
ˇ u1km Ñ u1k weak star in L8locp0,8;H
1
2 pΓ1qq;
v1km Ñ v1k weak star in L8locp0,8;H 12 pΓ1qq.
Multiplying both sides of the approximate equation (3.29)1 by ϕ P Dp0,8q, integrating inr0,8q, using the convergences (3.37)1,3,6, (3.38)1 we obtainż 8
0
pu2kptq, wqϕptqdt`
ż 8
0
ppukptq, wqqϕptqdt`
ż 8
0
ż
Γ1
δu1kptqwϕptqdΓdt
`
ż 8
0
p|ukptq||vkptq|vkptq, wqϕptqdt “ 0, @w P V km, @ϕ P Dp0, T q.
(3.39)
Since V km is dense in V XH2pΩq it follows that (3.39) is true for all w P V XH2pΩq. In similar
way, we findż 8
0
pv2kptq, wqϕptqdt`
ż 8
0
ppvkptq, wqqϕptqdt`
ż 8
0
ż
Γ1
δu1kptqwϕptqdΓdt
`
ż 8
0
p|ukptq|ukptq|vkptq|, wqϕptqdt “ 0, @w P V XH2pΩq, @ϕ P Dp0,8q.
We can see that the estimates (3.30) and (3.36) are also independent of k. Therefore by
the same argument used to obtain (3.37) and (3.38) we get a diagonal sequence pukkq, pvkkq,
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still denoted by pukq, pvkkq, and functions u, v : Ωˆ r0,8q Ñ R such that
(3.40)
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
ˇˇˇˇ
uk Ñ u and vk Ñ v weak star in L8p0,8, V q;
u1k Ñ u1 and v1k Ñ v1 weak star in L8locp0,8, V q;
u2k Ñ u2 and v2k Ñ v2 weak star in L8locp0,8, L2pΩqq;
u1k Ñ u1 and v1k Ñ v1 weak in L2p0,8, L2pΓ1qq;
u2k Ñ u2 and v2k Ñ v2 weak in L2locp0,8, L2pΓ1qq;
|uk||vk|vk Ñ |u||v|v weak star in L8p0,8, L2pΩqq;
|ukm|ukm|vkm| Ñ |u|u|v| weak star in L8p0,8, L2pΩqq;
u1k Ñ u1 and v1k Ñ v1 weak star in L8locp0,8;H 12 pΓ1qq.
Taking the limit in (3.39), using convergences (3.40)1,3,6,8 and observing that V XH2pΩq is
dense in V , we obtainż 8
0
pu2ptq, wqϕptqdt`
ż 8
0
ppuptq, wqqϕptqdt`
ż 8
0
ż
Γ1
δu1ptqwϕptqdΓdt
`
ż 8
0
p|uptq||vptq|vptq, wqϕptqdt “ 0, @w P V, @ϕ P Dp0, T q.
(3.41)
In similar way, we findż 8
0
pv2ptq, zqϕptqdt`
ż 8
0
ppvptq, zqqϕptqdt`
ż 8
0
ż
Γ1
δu1ptqzϕptqdΓdt
`
ż 8
0
p|uptq|uptq|vptq|, zqϕptqdt “ 0, @z P V, @ϕ P Dp0, T q.
Taking in (3.41) w P DpΩq Ă V , it follows that
u2 ´∆u` |u||v|v “ 0 in D1pΩq.
In similar way
v2 ´∆v ` |u|u|v| “ 0 in D1pΩq.
Therefore, by (3.37)3,6, we get
u2 ´∆u` |u||v|v “ 0 in L8locp0,8, L2pΩqq
v2 ´∆v ` |u|u|v| “ 0 in L8locp0,8, L2pΩqq.
(3.42)
As u P L8p0,8;V q and by (3.42)1, ∆u P L8locp0, T ;L2pΩqq then, by Milla Miranda [14] we
obtain
(3.43)
Bu
Bν P L
8p0,8;H´ 12 pΓ1qq
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Multiplyng both sides of (3.42) by wϕ with w P V and ϕ P Dp0, T q, integrating on Ωˆp0, T q
and using (3.43) and Green’s formulaż 8
0
pu2ptq, wqϕptqdt`
ż 8
0
ppuptq, wqqϕptqdt´
ż 8
0
BBuptq
Bν , w
F
ϕptqdΓdt
`
ż 8
0
p|uptq|uptq|vptq|, wqϕptqdt “ 0, @w P V, @ϕ P Dp0, T q,
where x¨, ¨y denotes the duality paring between H´ 12 pΓ1q and H 12 pΓ1q. Comparing this lest
equation with (3.39), we obtainż 8
0
BBuptq
Bν ` δu
1ptq, w
F
ϕptqdΓdt “ 0, @w P V @ϕ P Dp0, T q
Therefore Bu
Bν ` δu
1 “ 0 in H´ 12 pΓ1q.
In similar way
Bv
Bν ` δv
1 “ 0 in H´ 12 pΓ1q.
Snce δu1 P L8locp0,8, H 12 pΓ1qq, then
(3.44)
Bu
Bν ` δu
1 “ 0 in L8locp0,8, H 12 pΓ1qq.
In similar way
(3.45)
Bv
Bν ` δv
1 “ 0 in L8locp0,8, H 12 pΓ1qq.
To complete the proof of the Theorem 2.8, we shall show that u P L8locp0,8, H2pΩqq. In
fact, note that u P L8p0,8;V q. This and (3.42)1, (3.44) imply that u is the solution of the
following boundary value problem:ˇˇˇˇ
ˇˇˇ ´∆u “ f in Ωˆ r0, T s;u “ 0 on Γ0 ˆ r0, T s;
Bu
Bν “ g on Γ1 ˆ r0, T s,
for all real number T ą 0. Since
f “ ´u2 ´ |u||v|v P L8locp0,8;L2pΩqq and g “ ´δu1 P L8locp0,8;H 12 pΓ1qq,
it follows by Proposition 3.4 that
(3.46) u P L8locp0,8;V XH2pΩqq.
In similar way
(3.47) v P L8locp0,8;V XH2pΩqq.
Initial Conditions The verification of the initial conditions follows by similar arguments
used in the Theorem 2.2 in the previous section.
Uniqueness: The uniqueness results from the energy method.
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Remark 3.8. From (3.37), we obtain uk and vk in the class (2.16). From (3.39) and using
the same arguments for obtain (3.42), (3.44) and (3.45), we get
u2k ´∆uk ` |uk||vk|vk “ 0 in L8locp0,8;L2pΩqq
v2k ´∆vk ` |uk|uk|vk| “ 0 in L8locp0,8;L2pΩqq
Buk
Bν ` δpxqu
1
k “ 0 in L8locp0,8;H 12 pΓ1qq
Bvk
Bν ` δpxqv
1
k “ 0 in L8locp0,8;H 12 pΓ1qq.
(3.48)
Also using the same arguments for obtain the regularities (3.46) and (3.47), we get
(3.49) uk, vk P L8locp0,8;V XH2pΩqq.
Corollary 3.9. We obtain similar results to Theorem 2.8 for the case ρ ą 1 and n “ 1, 2.
4. Assymptotic behavior
In this section we prove an exponential decay result for the solution obtained in Theorem
2.8 and Corollary 3.9, that is, ρ “ 1 if n ď 3 and ρ ą 1 if n “ 1, 2.
We make the proof for ρ “ 1 and n “ 3. The result for ρ “ 1 and n “ 1, 2 are derived in
similar way.
To prove the Theorem 2.10 we show that the energy
Ekptq “ 1
2
t|u1kptq|2 ` |v1kptq|2 ` }ukptq}2 ` }vkptq}2u
` 1
2
ż
Ω
p|ukptq|ukptqqp|vkptq|vkptqqdx, t P r0,8q.
associated with the solutions tukptq, vkptqu of the equations in (3.48) satisfies the inequality
(2.17). Thus, the exponential decay of Eptq, will be obtained by taking the lim inf of Ekptq
as k Ñ 8.
Now, we introduce the function
ψkptq “ 2pu1kptq,m ¨∇ukptqq ` pn´ 1qpu1kptq, ukptqq
` 2pv1kptq,m ¨∇vkptqq ` pn´ 1qpv1kptq, vkptqq.
For ε ą 0, we introduce the perturbed energy
Ekεptq :“ Ekptq ` εψkptq.
First we prove that Ekεptq and Ekptq are equivalent. Then we show that
(4.1) E 1kεptq ď ´εEkptq.
4.1. Equivalence between Ekεptq and Ekptq. First of all, we note that
(4.2) Akptq “ 1
4
p}ukptq}2 ` }vkptq}2q ` 1
2
ż
Ω
p|ukptq|ukptqqp|vkptq|vkptqqdx ě 0, @t P r0,8q.
In fact,
1
2
ˇˇˇˇż
Ω
p|ukptq|ukptqqp|vkptq|vkptqqdx
ˇˇˇˇ
ď 1
4
c41p}ukptq}4 ` }vkptq}4q.
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Then
(4.3) Akptq ě 1
4
}ukptq}2 ´ 1
4
c41}ukptq}4 ` 14}vkptq}
2 ´ 1
4
c41}vkptq}4.
As ´1
4
c41 ą ´N1, we obtain
1
4
}ukptq}2 ´ 1
4
c41}ukptq}4 ě 14}ukptq}
2 ´N1}ukptq}4.
If we take the limits mÑ 8 in Lemma 3.7, we find
(4.4) J1p}ukptq}q “ 1
4
}ukptq}2 ´N1}ukptq}4 ě 0, @t P r0,8q.
In similar way
(4.5)
1
4
}vkptq}2 ´N1}vkptq}4 ě 0, @t P r0,8q.
Taking into account (4.4) and (4.5) in (4.3), we derive (4.2).
Observe that
Ekptq ě 1
4
p|u1kptq|2 ` |v1kptq|2q ` 14p}ukptq}
2 ` }vkptq}2q ` Akptq.
Then by (4.2)
(4.6) Ekptq ě 1
4
p|u1kptq|2 ` |v1kptq|2q ` 14p}ukptq}
2 ` }vkptq}2q, @t P r0,8q.
On the other side, we have
|ψkptq| ď
ˆ
R ` n´ 1
2
˙
p|u1kptq|2 ` |v1kptq|2q `
ˆ
R ` n´ 1
2λ1
˙
p}ukptq}2 ` }vkptq}2q,
where λ1 is the first eigenvalue of the spectral problem ppu, vqq “ λpu, vq, u, v P V . Thus
(4.7) |ψkptq| ď P
4
p|u1kptq|2 ` |v1kptq|2 ` }ukptq}2 ` }vkptq}2q,
where P was defined in (2.18).
From (4.6) and (4.7) it follows that
|ψkptq| ď PEkptq, @t P r0,8q.
Since that
|Ekεptq ´ Ekptq| “ ε|ψkptq| ď εPEkptq,
we have
Ekptqp1´ εP q ď Ekεptq ď p1` εP qEkptq.
Then
(4.8)
1
2
Ekptq ď Ekε1ptq ď 32Ekptq, 0 ă ε1 ď
1
2P
.
From now on, to simplify the notation we will do not write the variable t.
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4.2. Proof of. (4.1). Multiplying (3.48)1 and (3.48)2 by u
1
k and v
1
k, respectively, using the
fact δpxq “ mpxq ¨ νpxq the hypothesis (2.18), we get
(4.9) E 1kptq ď ´m0p}u1kptq}2L2pΓ1q ` }v1kptq}2L2pΓ1qq.
The idea to prove (4.1) is to find that
ψ1kptq ď ´Ekptq ´
„
1
4
p}ukptq}2 ` }vkptq}2q ´N1p}ukptq}4 ` }vkptq}4q

`Dp}u1kptq}2L2pΓ1q ` }v1kptq}2L2pΓ1qq,
where N1 and D are positive constants independent of k.
Then to prove an existence theorem of solutions which permits us to say
1
4
p}ukptq}2 ` }vkptq}2q ´N1p}ukptq}4 ` }vkptq}4q ě 0, @t P r0,8q.
Thus
E 1kεptq “ E 1kptq ` εψ1kptq ď ´εEkptq ´ pm0 ´ εDqp}u1kptq}2L2pΓ1q ` }v1kptq}2L2pΓ1qq.
For small ε ą 0, we obtain (4.1).
Differentiating the function ψk, we obtain
ψ1k “ 2pu2k,m ¨∇ukq ` 2pu1k,m ¨∇u1kq ` pn´ 1qpu2k, ukq ` pn´ 1q|u1k|2
` 2pv2k,m ¨∇vkq ` 2pv1k,m ¨∇v1kq ` pn´ 1qpv2k, vkq ` pn´ 1q|v1k|2
From (3.48)1 and (3.48)2, we find
ψ1k “ 2p∆uk,m ¨∇ukq ´ 2p|uk||vk|vk,m ¨∇ukq ` 2pu1k,m ¨∇u1kq ` pn´ 1qp∆uk, ukq
´ pn´ 1qp|uk||vk|vk, ukq ` pn´ 1q|u1k|2
` 2p∆vk,m ¨∇vkq ´ 2p|uk|uk|vk|,m ¨∇vkq ` 2pv1k,m ¨∇vkq ` pn´ 1qp∆vk, vkq
´ pn´ 1qp|uk|uk|vk|, vkq ` pn´ 1q|v1k|2
“: I1 ` ¨ ¨ ¨ ` I12,
(4.10)
respectively.
Our goal is to derive a bound above for each terms on the right hand side of (4.10).
‚ The regularity (3.49) allows us to obtain Rellich’s identity for uk, see [10, Remark
2.3, p. 41], that is,
I1 “ 2p∆uk,m ¨∇ukq “ pn´ 2q}uk}2 ` 2
ż
Γ
Buk
Bν pm ¨∇ukqdΓ´
ż
Γ
pm ¨ νq|∇uk|2dΓ.
Since |∇uk|2 “
`Buk
Bν
˘2
and m ¨∇uk “ pm ¨ νqBukBν on Γ0, thenż
Γ
pm ¨ νq|∇uk|2dΓ “
ż
Γ0
pm ¨ νq
ˆBuk
Bν
˙2
dΓ`
ż
Γ1
pm ¨ νq|∇uk|2dΓ
and ż
Γ
Buk
Bν pm ¨∇ukqdΓ “
ż
Γ0
pm ¨ νq
ˆBuk
Bν
˙2
dΓ`
ż
Γ1
Buk
Bν pm ¨∇ukqdΓ.
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Thus
I1 “ pn´ 2q}uk}2 ` 2
ż
Γ0
pm ¨ νq
ˆBuk
Bν
˙2
dΓ` 2
ż
Γ1
Buk
Bν pm ¨∇ukqdΓ
´
ż
Γ0
pm ¨ νq
ˆBuk
Bν
˙2
dΓ´
ż
Γ1
pm ¨ νq|∇uk|2dΓ
(4.11)
As
Buk
Bν ` pm ¨ νqu
1
k “ 0 on Γ1 we haveˇˇˇˇ
2
ż
Γ1
Buk
Bν pm ¨∇ukqdΓ
ˇˇˇˇ
“
ˇˇˇˇ
2
ż
Γ1
pm ¨ νqu1kpm ¨∇ukqdΓ
ˇˇˇˇ
ď R3
ż
Γ1
|u1k|2dΓ`
ż
Γ1
pm ¨ νq|∇uk|2.
(4.12)
Substituting (4.12) in (4.11), making the reduction of similar terms and observing
that m ¨ ν ď 0 on Γ0, we get
(4.13) I1 ď pn´ 2q}uk}2 `R3}u1k}L2pΓ1q.
In similar way
(4.14) I7 ď pn´ 2q}vk}2 `R3}v1k}L2pΓ1q.
‚ Note that
I2 “ ´2p|uk||vk|vk,m ¨∇ukq “ ´
nÿ
i“1
ż
Ω
mi
„ B
Bxi p|uk|ukq

p|vk|vkqdx.
Similarly we find
I8 “ ´2p|uk|uk|vk|,m ¨∇vkq “ ´
nÿ
i“1
ż
Ω
mip|uk|ukq
„ B
Bxi p|vk|vkq

dx.
Thus from Green’s theorem and using the fact
Bmi
Bxi “ 1 and uk “ vk “ 0 on Γ0, we
have
I2 ` I8 “ n
ż
Ω
p|uk|ukqp|vk|vkqdx´
ż
Γ1
pm ¨ νqp|uk|ukqp|vk|vkqdΓ.
Using (2.11), we haveˇˇˇˇ
´
ż
Γ1
pm ¨ νqp|uk|ukqp|vk|vkqdΓ
ˇˇˇˇ
ď Rc
4
2
2
`}uk}4 ` }vk}4˘ .
Therefore
(4.15) I2 ` I8 ď n
ż
Ω
p|uk|ukqp|vk|vkqdx` Rc
4
2
2
`}uk}4 ` }vk}4˘
30 CLA´DIO O. P. DA SILVA, ALDO T. LOUREDO, AND MANUEL MILLA MIRANDA
‚ From Green’s theorem and since BmiBxi “ 1 and u
1
k “ 0 on Γ0, we obtain
(4.16) I3 “ 2pu1k,m ¨∇u1kq ď ´n|u1k|2 `R}u1k}2L2pΓ1q.
In Similar way
(4.17) I9 ď ´n|v1k|2 `R}v1k}2L2pΓ1q.
‚ From the boundary conditions BukBν ` pm ¨ νqu
1
k “ 0 on Γ1, we find
p∆uk, ukq “ ´}uk}2 ´
ż
Γ1
pm ¨ νqu1kukdΓ
Note that, using (2.11) we obtainˇˇˇˇż
Γ1
pm ¨ νqu1kukdΓ
ˇˇˇˇ
ď R
ż
Γ1
|u1k||uk|dΓ
ď 1
2
R2c23pn´ 1q}u1k}2L2pΓ1q `
1
2pn´ 1qc23 }uk}
2
L2pΓ1q
ď 1
2
R2pn´ 1qc23}u1k}2L2pΓ1q `
1
2pn´ 1q}uk}
2.
Thus
(4.18) I4 “ pn´ 1qp∆uk, ukq ď ´pn´ 1q}uk}2 ` 1
2
R2pn´ 1q2c23}u1k}2L2pΓ1q `
1
2
}uk}2.
In similar way
(4.19) I10 ď ´pn´ 1q}vk}2 ` 1
2
R2pn´ 1q2c23}v1k}2L2pΓ1q `
1
2
}vk}2.
‚ From (2.3) we have
p|uk||vk|vk, ukq ď
ż
Ω
|uk|2|vk|2dx ď c
4
1
2
p}uk}4 ` }vk}4q.
Therefore
(4.20) I5 “ ´pn´ 1qp|uk||vk|vk, ukq ď c
4
1
2
pn´ 1qp}uk}4 ` }vk}4q.
In similar way
(4.21) I11 ď c
4
1
2
pn´ 1qp}uk}4 ` }vk}4q.
Taking into account (4.13)–(4.21) in (4.10) and reducing similar terms, we obtain
I1 ` ¨ ¨ ¨ ` I12 ď ´p|u1k|2 ` |v1k|2q ´ 12p}uk}
2 ` }vk}2q ` n
ż
Ω
p|uk|ukqp|vk|vkqdx
`
„
Rc42
2
` c41pn´ 1q

p}uk}4 ` }vk}4q `Dp}u1k}2L2pΓ1q ` }v1k}2L2pΓ1qq
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where D defined in (2.18). Thus,
I1 ` ¨ ¨ ¨ ` I12 ď ´1
2
p|u1k|2 ` |v1k|2q ´ 14p}uk}
2 ` }vk}2q ´ 1
4
ż
Ω
p|uk|ukqp|vk|vkqdx
´ 1
4
p}uk}2 ` }vk}2q `
„
n` 1
4
 ż
Ω
p|uk|ukqp|vk|vkqdx
`
„
Rc42
2
` c41pn´ 1q

p}uk}4 ` }vk}4q `Dp}u1k}2L2pΓ1q ` }v1k}2L2pΓ1qq
(4.22)
Now using (2.3), we have
(4.23)
ˇˇˇˇż
Ω
p|uk|vkqp|vk|vkqdx
ˇˇˇˇ
ď c
4
1
2
p}uk}4 ` }vk}4q.
Combining (4.23) with (4.22) we get
I1 ` ¨ ¨ ¨ ` I12 ď ´1
2
Ek ´
ˆ
1
4
p}uk}2 ` }vk}2q ´N1p}uk}4 ` }vk}4q
˙
`Dp}u1k}2L2pΓ1q ` }v1k}2L2pΓ1qq,
where N1 was defined in (2.15). From (4.4) and (4.5) we obtain
1
4
p}uk}2 ` }vk}2q ´N1p}uk}4 ` }vk}4q ě 0.
Therefore
(4.24) ψ1k ď ´12Ek `Dp}u
1
k}2L2pΓ1q ` }v1k}2L2pΓ1qq.
From (4.9) and (4.24) and knowing that E 1kε “ E 1k ` εψ1k we have
E 1kε ď ´ε2Ek ´ pm0 ´Dεqp}u
1
k}2L2pΓ1q ` }v1k}2L2pΓ1qq.
Therefore
(4.25) E 1kε2 ď ´
ε2
2
Ek, for all 0 ď ε2 ď m0
D
.
4.3. Proof of Theorem 2.10. The choice τ given in (2.18) implies that (4.8) and (4.25)
hold simultaneously for this τ . Thus, from (4.8) we have
´τ
2
Ek ď ´τ
3
Ekτ .
Consequently, using the above inequality in (4.25), we obtain
E 1kτ ď ´τ3Ekτ .
This give us that
Ekτ ptq ď e´ τ3 tEkτ p0q.
From this inequality and (4.8) we have
Ekptq ď 3Ekp0qe´ τ3 t, for all t P r0,8q.
Taking the lim inf of Ekptq in the above inequality we conclude the proff of Theorem 2.10.
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